In this paper we consider the topological side of a problem which is the analogue of Sen's S-duality testing conjecture for Hitchin's moduli space M of rank 2 stable Higgs bundles of fixed determinant of odd degree over a Riemann surface Σ. We prove that all intersection numbers in the compactly supported cohomology of M vanish, i.e. "there are no topological L 2 harmonic forms on M". This result generalizes the well known vanishing of the Euler characteristic of the moduli space of rank 2 stable bundles N of fixed determinant of odd degree over Σ. Our proof shows that the vanishing of all intersection numbers of H * cpt (M) is given by relations analogous to the Mumford relations in the cohomology ring of N .
Introduction
Analyzing the conjectured S-duality in N=2 supersymmetric Yang-Mills theory, which is a proposed SL(2, Z) symmetry of the theory, Sen in [Sen] could predict the dimension of the space of L 2 harmonic forms H k on the universal cover of the moduli space of magnetic monopoles of charge k, by speculating that there must be an SL(2, Z) action on the space H k , which represents bound electron states of the theory. The moduli space of monopoles M k of charge k is the space of finite energy and charge k solutions to the Bogomolny equations in R 3 , which can be interpreted as a reduction of the self-dual SU(2) Yang-Mills equations in R 4 . The space M k is a non-compact manifold, with π(M k ) = Z k , and has a natural hyperkähler and complete metric on it, which comes from an abstract construction (the so-called hyperkähler quotient construction, cf. [HKLR] ) and known explicitly only in the case k = 2, when M 2 is called the Atiyah-Hitchin manifold.
(For further details see [At,Hi] .) When k = 2 Sen's conjecture says that dim(H 2 ) = 1. By knowing the metric of M 2 explicitly, Sen was able to find a non-trivial L 2 harmonic form on the universal coverM 2 , giving some support for his conjecture and in turn for S-duality.
For higher k Sen's conjecture says something about a metric which is not known explicitly. Nevertheless the statement is interesting from a mathematical point of view as the space of L 2 harmonic forms on a non-compact complete Riemannian manifold is not well understood.
Hodge theory tells us that in the compact case the space of L 2 harmonic forms is naturally isomorphic to the De-Rham cohomology of the manifold. However in the noncompact case there is no such theory, and indeed the harmonic space depends crucially on the metric.
Nevertheless some part of Hodge theory survives for complete Riemannian manifolds (cf. [DeRh] Sect. 32 Theorem 24 and Sect. 35 Theorem 26), such as the Hodge decomposition theorem which states that for a complete Riemannian manifold M the space Ω * L 2 of L 2 forms on M has an orthogonal decomposition Ω * L 2 = d(Ω * cpt ) ⊕ H * ⊕ δ(Ω * cpt ), and also H * = ker(d) ∩ ker(d * ).
An easy corollary 1 of these results says that the composition H * cpt (M) → H * → H * (M) is the forgetful map.
By calculating the image of H * cpt (M k ) in H * (M k ) Segal and Selby could give a lower bound for the harmonic forms on the moduli space of magnetic monopoles which coincides with the dimension given by Sen's conjecture (see [Se,Se] ). This purely mathematical result is thus a supporting evidence for the conjectured S-duality in N = 2 SYM of theoretical Physics.
In this paper we will investigate the analogue of Sen's conjecture for Hitchin's moduli space M of rank 2 Higgs bundles of fixed determinant of degree 1 over a Riemann surface Σ of genus g > 1. The space M is a simply connected non-compact manifold of dimension 12g − 12 with a complete hyperkähler metric on it, and was constructed by Hitchin in [Hit1] by considering the solutions of the self-dual Yang-Mills equations on R 4 which are translation invariant in two directions. Led by the similarities between the spaces M k and M and their origin, we ask the following question:
Problem 1 What are the L 2 harmonic forms on M?
In this paper we prove the following:
This says that unlike the case ofM k the topology of M does not give the existence of L 2 harmonic forms. We can state this fact informally as: "There are no topological L 2 harmonic forms on Hitchin's moduli space of Higgs bundles".
Segal and Selby's result together with Sen's conjecture suggest that forM k the topology gives all the harmonic space. Led by this and supported by the discussion in Subsection 2.2 we can formulate the following conjecture:
Conjecture 1 There are no non-trivial L 2 harmonic forms on Hitchin's moduli space of Higgs bundles.
we construct the virtual Dirac bundle as the analogue of the virtual Mumford bundle, and show that it can be considered as the degeneracy sheaf of a homomorphism of vector bundles. In Section 7 we determine the degeneracy locus of the above homomorphism in terms of the components of the nilpotent cone. Finally in Section 8 we prove our main Theorem 1.1 using Porteous' formula for the degeneracy locus of the virtual Dirac bundle.
The Jacobian J
The moduli space of line bundles of degree k over Σ is the Jacobian J k . This is an Abelian variety of dimension g. Tensoring by a fixed line bundle of degree k−l gives an isomorphism between J l and J k . We will write J for J 1 .
Being a torus H * (J k ) is a free exterior algebra on 2g classes τ i ∈ H 1 (J k ) defined by the formula
Here L k is the normalized Poincaré bundle, or universal line bundle over J k × Σ. Universal means that for any L ∈ J k :
and normalized means that L k | J k ×{p} is trivial (cf. [ACGH] ).
Moduli space of Abelian Higgs bundles T * J
As a toy example for the discussions in the Introduction, we consider here the moduli space of Abelian Higgs bundles.
The moduli space of rank 2 stable bundles N
We denote byÑ the fine moduli space of rank 2 stable bundles with degree 1 over Σ. It is a smooth projective variety of dimension 4g−3. The determinant gives a map det N :Ñ → J . For any Λ ∈ J the fibre det −1 N (Λ) will be denoted by N Λ , which is a smooth projective variety of dimension 3g − 3. The map f : N Λ 1 → N Λ 2 given by f (E) = E ⊗ (Λ 2 ⊗ Λ * 1 ) 1/2 , where (Λ 2 ⊗ Λ * 1 ) 1/2 is a fixed square root of Λ 2 ⊗ Λ * 1 , is an isomorphism between N Λ 1 and N Λ 2 . Hence we will write N for N Λ , when we do not want to emphasize the fixed line bundle Λ.
Let G := H 1 (Σ, Z 2 ) ∼ = Z 2g ∼ = ker(σ 2 ), where σ 2 : J 0 → J 0 is given by σ 2 (L) = L 2 . Now G acts on N and J by tensoring with the corresponding line bundle in ker(σ 2 ) and also on N × J by the diagonal action. Then (cf. (9.5) of [At,Bo]) we havẽ
Because G acts trivially on H * (J ) and on H * (N ) (the latter was first proved in [Ha,Na] ) we see that as rings
Thus for understanding the cohomology ring H * (Ñ ) it is enough to know the cohomology ring H * (N ). The latter is multiplicatively generated by classes α N ∈ H 2 (N ), ψ i N ∈ H 3 (N ) and β N ∈ H 4 (N ), which appear in the Künneth decomposition of c 2 (End(E N )):
The ring H * (N ) is described in terms of the so called Mumford relations. To explain this consider the virtual Mumford bundle
Using standard properties of stable bundles it can be shown that R 0 vanishes. Thus M is a vector bundle of rank 2g − 1. Its total Chern class is a complicated 3 polynomial of the universal classes. Since rank(M) = 2g − 1, the Chern class c 2g+r (M) ∈ H 4g+2r (Ñ ) vanishes for r ≥ 0. According to (2), the cohomology ofÑ is the tensor product of H * (J ) and H * (N ). Thus if we write τ S = i∈S τ i ∈ H |S| (J ) for S ⊂ {1 . . . 2g} and
in the Künneth decomposition of (2) then we get the vanishing of each ζ r S . Thus for every r ≥ 0 and S ⊂ {1 . . . 2g} we get a relation
of degree 4g + 2r − |S|. The polynomials ζ r S are called the Mumford relations. Mumford conjectured, and it was first proved by Kirwan in [Kir] , that the Mumford relations constitute a complete set of relations of the cohomology ring of N .
By now a complete description of the Mumford relations and the ring structure of H * (N ) is available (see [Bar] , [Ki,Ne] , [Si,Ti] and [Zag] and also [Tha2] for an introduction to the topology of N ).
The moduli space of rank 2 stable Higgs bundles M
We denote byM 2k−1 the coarse moduli space of rank 2 stable Higgs bundles 4 with degree 2k − 1 over Σ, which was constructed as M(2, 2k − 1, K) in [Nit] . For a fixed Σ they are all isomorphic to each other. We writeM forM 1 . It is a smooth, non-projective, quasi-projective variety of dimension 8g − 6.
The determinant gives a map det M :M → T * J , defined by det M (E, Φ) = (Λ 2 E, tr(Φ)). For any L ∈ T * J the fibre det −1 M (L) will be denoted by M L . Just as in the stable vector bundle case any two fibres of det M are isomorphic. Usually we will write M for M L , when the Abelian Higgs bundle L has zero Higgs field.
Our main concern in this paper is M. It is a non-projective, smooth quasi-projective variety of dimension 6g − 6. It was first introduced in [Hit1] and then an algebro-geometric approach was given in [Nit] and in [Sim] .
Similarly to (1) we have a G-action onM and on T * J such that:
This on the level of cohomology gives
In the case of M however we do not have the triviality of the action of G on H * (M), but nevertheless the cohomology ring ofM is determined by the ring (H * (M)) G . There is quite little known about the ring H * (M). The Poincaré polynomial of it is calculated in [Hit1] . From that calculation we can easily calculate the Poincaré polynomial of (H * (M)) G . Nothing else is known about H * (M). We will return to this problem in a forthcoming paper [Ha,Th] .
In this paper we settle another problem concerning the topology of M. We calculate all intersection numbers of M. Because M is non-compact we have to work with compactly supported cohomology. Moreover there is no compactly supported cohomology below the middle dimension 6g − 6. Thus the only interesting intersection numbers come from the intersection form on H 6g−6 cpt (M). This space is g dimensional and generated by the compactly supported cohomology classes of the components of the nilpotent cone, which is the zero fibre of the Hitchin map or in other words the locus of stable Higgs bundles with nilpotent Higgs field (cf. Corollary 5.4 of [Hau1] ). By considering the virtual Dirac bundle which is the analogue of the virtual Mumford bundle we will prove in the last section of this paper that the ordinary cohomology classes of the components of the nilpotent cone are trivial. This shows that the intersection form on H 6g−6 cpt (M) is trivial, which is equivalent to Theorem 1.1.
As a conclusion it can be said that the analogue of the Mumford relations for the moduli space of Higgs bundles is Theorem 1.1.
Hypercohomology
In this section we recall the notion of hypercohomology of a complex from [Gr,Ha] , and list some properties of it, which we will use later.
be a complex of coherent sheaves A i over an algebraic variety X. For a covering U = {U α } of X and each A i we get theČech cochain complex with boundary operator δ:
Clearly d induces operators
satisfying δ 2 = d 2 = dδ + δd = 0: and hence gives rise to a double complex
The hypercohomology of the complex A is given by the cohomology of the total complex of the double complex C p,q :
Moreover if A is a complex over X and f : X → Y is a projective morphism then for every non-negative integer i define the sheaf
Finally, define the pushforward of a complex to be:
Remark. In this paper we will work only with two term complexes.
There is one important property of hypercohomology which we will make constant use of. If 0 → A → B → C → 0 is a short exact sequence of complexes then there is a long exact sequence of hypercohomology vector spaces:
As an example consider the short exact sequence of two term complexes:
The long exact sequence in this case is:
which we will call the hypercohomology long exact sequence of the two term complex
→ A 2 is a two term complex over X and f : X → Y is a projective morphism then we have:
a long exact sequence of sheaves over Y .
A vanishing theorem
We define a morphism Ψ : E 1 → E 2 between two Higgs bundles
is injective and a morphism of Higgs bundles. We denote this by E 1 ⊂ E 2 . In this case we can easily construct the quotient Higgs bundle E 2 /E 1 together with a surjective morphism of Higgs bundles π :
Remark. It is a tautology that morphisms of Higgs bundles form the hypercohomology 5
Now we can define the notion of stability of Higgs bundles: The main result of this section is the following theorem, the second part of which is Proposition (3.15) in [Hit1] :
Then the only morphism from E to F is the trivial one. In other words
Proof. For the proof we need a lemma of Narasimhan and Seshadri (cf. section 4 in [Na,Se] ):
Lemma 4.4 Let E and F be two vector bundles over the Riemann surface Σ with a nonzero homomorphism f : E → F , then f has the following canonical factorisation: 
By assumption µ(F ) < µ(E), stability of E gives µ(E) ≤ µ(E 2 ) (it may happen that E = E 2 ) and because g is of maximal rank we get µ(E 2 ) = µ(E 2 ) ≤ µ(F 1 ) = µ(F 1 ). Thus µ(F ) < µ(F 1 ) contradicting the stability of F .
If µ(E) = µ(F ) then the above argument leaves the only possibility that η, g and i are isomorphisms, showing that f must be an isomorphism. Suppose that we have such an isomorphism f of Higgs bundles. Then consider h : E → F another non-zero morphism of Higgs bundles. In particular h ∈ Hom(E, F ). Let λ be an eigenvalue of the homomorphism f −1 p h p ∈ Hom(E p , E p ). Then the homomorphism h − λf is not an isomorphism, though clearly a morphism of Higgs bundles. From the above argument this means that h−λf = 0.
The result follows.
Corollary 4.5 For any stable Higgs bundle E with µ(E) < 0:
for any stable Higgs bundle E with µ(E) > 0:
If E is a stable Higgs bundle with µ(E) = 0 and E ≇ E 0 = O Σ 0 → O Σ ⊗ K then both (10) and (11) 
Being of rank 1 it is obviously stable, with µ(E 0 ) = 0. Now the previous theorem yields that there are no nontrivial morphisms from E 0 to E, which in the language of hypercohomology is exactly H 0 (Σ, E) = 0, which we had to prove.
For the second part Serre duality gives that H 2 (Σ, E) ∼ = (H 0 (Σ, E * ⊗ K)) * . Now clearly E * ⊗ K is stable and µ(E * ⊗ K) = −µ(E) < 0. Thus the first part gives the second.
Likewise, the third statement follows by referring to the last part of Theorem 4.3.
Universal bundles
Nitsure showed thatM is a coarse moduli space. Here we show thatM is in fact a fine moduli space. We closely follow the proof of Theorem 5.12 in [New] and (1.19) of [Tha3] . All the ingredients have already appeared in the unpublished [Tha1] . 
The next lemma, which is taken from [Tha1] , shows that two families are equivalent iff they give rise to the same map to the coarse moduli spaceM.
We define L = R 0 π T * (F ). By (12) and (9) this is a line bundle over T . By the projection formula the sheaf R 0 π T * (F ⊗ π * T (L * )) is just O T , the structure sheaf. A non-zero section Ψ ∈ H 0 (T, R 0 π T * (F ⊗ π * T (L * ))) for 
Proof. The proof is analogous to the proof of Theorem 5.12 of [New] using the GIT construction of Nitsure [Nit] (cf. also (1.19) of [Tha3] ). First we recall the construction ofM 2k−1 from [Nit] . Let n = 2k − 1 + 2(1 − g) with k large enough. Then by Corollary 3.4 of [Nit] 
It follows from Proposition 3.6 of [Nit] that there exists a locally universal family for stable Higgs bundles of degree 2 and degree 2k − 1 given by
is a family of Higgs bundles over F . First by Theorem 5.3 of [New] GL(n) acts on R. Now GL(n) acts equivariantly on the R-scheme F → R, which gives a GL(n) equivariant complex E F . The centre of GL(n) acts trivially on F and by multiplication on E F . Nitsure constructsM 2k−1 in Theorem 5.10 of [Nit] as a good quotient of F s by P GL(n) ∼ = GL(n)/Z(GL(n)).
The proof of Lemma 5.11 of [New] gives a GL(n)-equivariant line bundle L over R (although in Lemma 5.11 of [New] L is constructed only over R s the same construction works over the whole R) for which Z(GL(n)) acts on L by scalar multiplication. Now for the GL(n)-equivariant bundle E F ⊗ (π F • g) * (L −1 ) the centre acts trivially thus it descends to a P GL(n)-equivariant complex over F × Σ. This gives a P GL(n)-equivariant locally universal family E s ⊗ (π F • g) * (L −1 ) over F s × Σ. By Kempf's descent lemma (cf. Theorem 2.3 of [Dr,Na] )) the P GL(n)-equivariant bundle E s × (π F • g) * (L −1 ) descends to a bundle to the good quotientM 2k−1 × Σ and since the section Φ s is invariant, it also descends. Clearly the resulting complex EM 2k−1 then will be a universal Higgs bundle overM 2k−1 . (A similar situation appears in (1.19) of [Tha3] .)
Finally from a universal Higgs bundle overM 2k−1 one can easily construct universal Higgs bundles over anyM 2l−1 .
As in Theorem 5.12 of [New] and (1.19) of [Tha3] our Lemma 5.2 and Proposition 5.3 gives:
Corollary 5.4 The spaceM is a fine moduli space for rank 2 stable Higgs bundles of degree 1 with respect to the equivalence ∼ of families of stable Higgs bundles.
As another consequence of Proposition 5.3 and Lemma 5.2 we see that although EM is not unique End(EM) is. Moreover it is clear that by setting E M = EM | M×Σ we have
in the decomposition (5). Thus from the Künneth decomposition of End(E M ) we get universal classes
Though E M is not unique we can still write its Chern classes in the Künneth decomposition (cf. proof of Newstead's theorem in [Tha2] ), getting c 1 (E M ) = 1 ⊗ σ + β 1 ⊗ 1, where β 1 ∈ H 2 (M) (note that M being simply connected by [Hit1] H 1 (M) = 0) and
We also need to work out the Chern classes of EM. It is easy to see that c(EM) in the decomposition (5) is the product of c(EM) | M×Σ and c(L 1 ), where L 1 is some universal line bundle over J × Σ.
Definition 5.6 We call the universal Higgs bundle EM normalized if in the decomposition (5)
where (EM) p = EM |M ×{p} .
Remark. Since 4c 2 ((EM) p ) − c 1 ((EM) p ) 2 = c 2 (End((EM) p )), for a normalized universal Higgs bundle overM × Σ (13) and (14) yield:
Finally, given a universal Higgs bundle EM overM × Σ, we introduce a universal Higgs bundle of degree 2k − 1 by setting E kM := EM ⊗ π * Σ (L k−1 p ), where L p is the line bundle of the divisor of the point p ∈ Σ. It is called normalized if EM is normalized. As a matter of fact E kM can be thought of as a pull back of a universal Higgs bundle fromM 2k−1 × Σ.
The virtual Dirac bundle, D k
The strategy of the proof of Theorem 1.1 will be to examine the virtual Dirac bundle D k which is defined in the following:
where E kM is a normalized universal Higgs bundle of degree 2k − 1 and πM :M × Σ →M is the projection toM.
The name is justified by Hitchin's construction [Hit2] 7 of D k related to the space of solutions of an equation on Σ, which is locally the dimensional reduction of the Dirac equation in R 4 coupled to a self-dual Yang-Mills field.
The virtual Dirac bundle is a priori
a formal sum of three coherent sheaves. Corollary 4.5 shows that one of these sheaves always vanishes: if k > 0, then R 2 = 0, if k ≤ 0 then R 0 = 0. From now on k is assumed to be positive. In this section we show that we can think of the virtual Dirac bundle as the virtual degeneracy sheaf of a homomorphism of vector bundles. More precisely we prove: Theorem 6.2 There exist two vector bundles V and W overM together with a homomorphism f : V → W of vector bundles, whose kernel and cokernel are respectively R 0 π M * (E kM ) and R 1 π M * (E kM ). In other words there is an exact sequence of sheaves:
Proof 8 . First we need a lemma. Lemma 6.3 Let X be a smooth quasi-projective variety and Σ a smooth projective curve. If E is a locally free sheaf over X × Σ then there exists a vector bundle F over X × Σ with a surjective vector bundle homomorphism g E : F → E such that R 0 π X * (F ) = 0. We will call F a sectionless resolution of E.
Proof. The lemma is a special case of Proposition 2.1.10 of [Hu,Le] . We have to only note that X as an algebraic variety is a C-scheme of finite type, π X * : X × Σ → X is clearly a smooth projective morphism of relative dimension 1 and E being locally free is flat over X.
The proof is rather simple so we sketch it here. Let us denote by E x the vector bundle E | {x}×Σ over Σ. Fix an ample line bundle L on Σ. Then it is well known that for big enough k the vector bundle E x ⊗ L k is generated by its sections and H 1 (Σ; E x ⊗ L k ) = 0. Let us denote by X k ⊂ X those points x for which E x ⊗ L k is generated by its sections and H 1 (Σ; E x ⊗ L k ) = 0. It is standard that X k is a Zariski open subset of X. Thus we have a covering X = X k of X by Zariski open subsets. It is again standard that the Zariski topology of an algebraic variety is noetherian 9 , which yields that we have some k such that X k = X. It is now immediate that F = π * Σ (L −k ) ⊗ π * X (π X ) * (E ⊗ π * Σ (L k )) has the required properties.
Proposition 6.4 Let Σ be a smooth projective curve and X be a smooth quasi-projective variety. Let E = E f → F be a complex of vector bundles on X × Σ. Let g F : A → F be a sectionless resolution of F . Let M be the fibred product of f and g F . This comes with projection maps p F : M → F and p A : M → A. Let g M : A 2 → M be a sectionless resolution of M, and denote j = g M • p A 2 . Finally, let A 1 = ker g M and i : A 1 → A 2 the embedding. The situation is shown in the following diagram:
In this case the cohomology of the complex
calculates the sheaves R 0 π X * (E), R 1 π X * (E) and R 2 π X * (E) respectively. In other words
Proof. Let us recall the definition of the fibred product: M := ker(f − g F : E ⊕ A → F ). This comes equipped with two obvious projections p E : M → E and p A : M → A. Because g F is surjective f − g F is also surjective. Thus M is a vector bundle. By construction the kernel of p E is isomorphic to the kernel of g F . Denote it by B. This says that the following diagram is commutative and has two exact columns: Clearly R i π X * (B) vanishes for all i. (Any hypercohomology of an isomorphism is 0.) Thus the long exact sequence of the above short exact sequence gives the isomorphisms
Because A is a sectionless resolution of M, we have R 0 π X * (A) = 0 thus the long exact sequence of the push forward of the complex A breaks up into two exact sequences:
Now consider the short exact sequence:
R 0 π X * (A 2 ) = 0 because A 2 is a sectionless resolution of M and hence we get the exact sequence of sheaves:
Thus ker(i * ) ∼ = R 0 π X * (M) which by (22) and (19) proves (16).
Since g M * is a surjection coker(j * ) ∼ = coker(p A * ). This together with (24) and (21) gives (18).
Finally, consider the commutative diagram:
Since g M * surjective by (25) we get that ker(j * )/ ker(g M * ) ∼ = ker(p A * ). From (25) clearly ker(g M * ) ∼ = im(i * ), thus ker(j * )/ im(i * ) ∼ = ker(p A * ). This together with (23) and (20) proves (17).
Corollary 6.5 If R 2 π X * (E) = 0, in the situation of Proposition 6.4, then there exist two vector bundles V and W over X together with a homomorphism f : V → W , whose kernel and cokernel are R 0 π X * (E) and R 1 π X * (E) respectively. I.e. the following sequence is exact:
Proof. From the long exact sequence corresponding to (6), we have R 0 π X * (A 1 ) = 0. Let V be the vector bundle R 1 π X * (A 1 ). Moreover R 1 π X * (A 2 ) and R 1 π X * (A) are also vector bundles because A 2 and A are sectionless resolutions. Furthermore the assumption R 2 π X * (E) = 0 shows that j * is surjective. Let W be the vector bundle ker(j * ), and f be the map i * : V → W .
The result follows from Proposition 6.4.
The proof of Theorem 6.2 is completed by Corollary 6.5 noting that by Corollary 4.5 we have R 2 πM * (E kM ) = 0. The aim of this section is to give a description of the degeneracy locus D k . For this we need a refinement of Theorem 5.5 of [Hau1] , which still follows from the proof of Proposition (19) of [Tha1] . 
where each E k is biholomorphic to the total space of a vector bundle over N k , the k-th component of the fixed point set of the C * action. Moreover E k can be characterised as the locus of those stable Higgs bundles E = E Φ → E ⊗ K which have a unique subbundle L E of degree 1 − k killed by the non-zero Higgs field Φ.
Proof. The first part is proved in Theorem 5.5 of [Hau1] .
For the second part consider a universal Higgs bundle 
Remark. Clearly a completely analogous result holds forÑ withÑ ,Ẽ k andÑ k instead of N , E k and N k .
Notation 7.4 If X is an irreducible locally closed subvariety of a smooth algebraic variety Y of codimension d, then η Y X ∈ H 2d (Y ) denotes the cohomology class of X in Y . If X is an irreducible locally closed and relatively complete subvariety of Y then η Y X ∈ H 2d cpt (Y ) denotes the compactly supported cohomology class of X in Y .
Theorem 7.5 Let k = 1, .., g − 1. The degeneracy locus D k has the following decomposition: 
where ηM E k k [J ] means the coefficient of η J pt in the decomposition of (5).
Proof. Let E = E Φ → E ⊗ K be a stable Higgs bundle with Φ = 0 and H 0 (Σ, E ⊗L k−1 p ) = 0. It is easy to see that this hypercohomology is the vector space of all morphisms from
Consider a nonzero such morphism f . Consider L the line subbundle of E generated by the image of f of Lemma 4.4. Clearly L is killed by the Higgs field Φ. This shows that E ∈Ñ and L = L E . We also see that H 0 (Σ, E ⊗ L k−1 p ) ∼ = H 0 (L E ⊗ L k−1 p ). The first part of the statement follows. By the above argument we see thatẼ k k = {E ∈Ẽ k : H 0 (Σ, L E ⊗ L k−1 p ) = 0}, however L E is of degree 1 − k, thusẼ k k = {E ∈Ẽ k : L E = L 1−k p }, as claimed. This means that for every E ∈ E k there is a unique line bundle L = L 1−k p ⊗ L * E such that E ⊗ L ∈Ẽ k k . This shows (26).
Remark. By definitionÑ k = W 0 2,2k−1 are non-Abelian Brill-Noether loci as defined in [Sun] (cf. [Tei] ).
Proof of Theorem 1.1
In this final section we prove Theorem 1.1.
To prove Theorem 1.1 we exhibit g linearly independent elements r 0 , r 1 , .., r g−1 ∈ H 6g−6 cpt (M) for which j M (r i ) = 0. To construct r k for 0 < k < g consider the Zariski open subvarieties
ofM and M respectively. Restricting the sequence of Theorem 6.2 toM k yields:
The degeneracy locus of f |M k (where f |M k fails to be an injection) is D k ∩M k which isẼ k k from Theorem 7.5. This has codimension 4g − 3. Furthermore rank(W ) − rank(V ) = rank R 1 π M * (E kM ) − rank R 0 π M * (E kM ) = rank(D k ) = 4g − 4 by Lemma 8.1. Thus the degeneracy locus has the expected codimension hence we are in the situation of Porteous's theorem (cf. [ACGH] ), which gives:
The right hand side equals c 4g−3 (D k |M k ) by (28), which vanishes by Corollary 8.2. Moreover (26) 
From now on we work over M. We show by induction on i that there is a formal linear combination For i = 0 the statement is just (29) . Suppose that there is such formal combination r i k . Consider the following bit of the long exact sequence of the pair M k−i ⊂ M k−i−1 : H 6g−6 (M k−i , M k−i−1 ) −→ H 6g−6 (M k−i−1 ) −→ H 6g−6 (M k−i ).
Because M k−i−1 \ M k−i = E k−i−1 is of real codimension 6g − 6, the Thom isomorphism transforms this sequence to:
where τ is the Thom map and ρ is restriction. Clearly ρ(η
The exactness of (30) yields that the cohomology class k j=k−i λ j · η
However a well known property of the Thom map gives τ (1) = η with the property that λ k = 1 and r ′ k when considered as an element of H 6g−6 (M) is 0. Now the compactly supported cohomology class
has the property that j M (r k ) = r ′ k = 0, where by abuse of notation r ′ k denotes the cohomology class in H 6g−6 (M) corresponding to the formal linear combination r ′ k . We have found g − 1 linearly independent compactly supported cohomology classes r 1 , .., r g−1 ∈ H 6g−6 cpt (M). Clearly η M N is not in the span of r 1 , .., r g−1 . Moreover for each 0 < i < g we have Thus η M N is perpendicular to r 1 , .., r g−1 and η M N , which constitutes a basis for H 6g−6 cpt (M), and so j M (η M N ) = 0. Putting our findings together: we have g linearly independent middle dimensional compactly supported classes r 0 = η M N and r 1 , .., r g−1 in the kernel of the forgetful map j M : H 6g−6 cpt (M) → H 6g−6 (M). Theorem 1.1 is finally proved.
